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Abstract. The expression for the density matrix describing particles of one sort (electrons
or positrons) created by an external electromagnetic field from the vacuum is obtained.
The explicit form of the density matrix is found for the case of constant and uniform
electric field. Arguments are given for the presence of a connection between the thermal
nature of the density matrix describing particles created by the gravitational field of a
black hole and the equivalence principle.

1. Introduction

Investigating processes of quantum particle creation by strong gravitational fields of
black holes, Hawking (1974, 1975) discovered that the radiation corresponding to
these processes had a thermal spectrum. Moreover, it appears that all the correlation
functions characterising this radiation coincide with the corresponding functions of
thermal radiation, i.e. if we neglect the scattering processes of the created particles in
the static gravitational field then the stationary black hole radiation is described by the
equilibrium density matrix with the effective temperature 6 = (87GMk)™' where M is
the mass of the black hole (see for example Hawking 1976, Parker 1975, Bekenstein
and Meisels 1977, Frolov 1977). The origin of the density matrix in this problem can
be explained easily. This density matrix is a price which an observer at infinity has to
pay for the impossibility registering particles falling into the black hole through the
horizon. It is worth noting that the analogous density matrix appears naturally in
every case when particles created by an external (not necessary gravitational) field can
be divided in two classes (‘visible’ and ‘invisible’) and we are interested in finding the
average values of observables which depend on the ‘visible’ particle states only. This
density matrix arises as a result of summing over the ‘invisible’ particle states and as a
consequence it does not depend on the particular choice of ‘invisible’ particle vacuum
definition.

On the other hand as far as we know the thermal nature of the density matrix
which distinguishes the case of particle creation by the static gravitational field of a
black hole still has no simple physical interpretation (see however, Hawking 1976,
Gerlach 1976). In this paper we adduce the arguments for the idea that the thermal
nature of the black hole radiation may be connected with the equivalence principle.
To this end we consider the similar problem in quantum electrodynamics and calculate
a density matrix describing particles of one sort (electrons or positrons) created by an
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electromagnetic field from the vacuum. The solution of this problem is also of interest
for investigating processes taking place in strong electromagnetic fields. We will work
in the zeroth order in the electron-photon interaction, that is when the electron—
positron quantum field interacts with the external electromagnetic field. In this paper
we use results and notation adopted in Gitman (1977).

2. Density matrix of particles created by an external field

Let the electron—positron vacuum in an external field at the moment ¢#; (t;) be denoted
in the Schrédinger picture as |0)i, (|0)ou) and the corresponding creation and anni-
hilation operators of electrons as al, an(a T a., ) and positrons as Bf,, Bn(b T bn ). Then
the problem of calculating the expectation value at moment f, of an observable
fe=f(a,a") (f-=F-(b, b")) depending on the states of electrons (positrons) created
by an external field from an initial (given at the moment #;) vacuum state reduces to
finding the matrix elements of the form

(f+) =uO|U £ U|0)n, 1)

where U = U(r,, t1) is the evolution operator for the electron—positron field in the
external electromagnetic field. For our purpose it is convenient to transform this
expression to the form where the averaging is carried out over out-states. Using the
out-states completeness condition at time ¢,

Y (NIMUY Bl bt - - @ lg|0out 0uOl@mag - - - Gsbg - - - by = 1
N.M
{nHm}

we can obtain the following expansion of the state U|0);, over the out-states:

Ul0)n = Z NIMY 0uil0ldm, . . . GogPrn -+ B 0Vinbh, o . bh @iy . Gy [0Youss
{n}{m}

where @ =U"'aU, b= U""bU, |0)ou= U '|0)ou are the corresponding quantities in
the Heisenberg representation.
As shown in Gitman (1977) the expressions

out<6‘dm1 e deEnN e l;n1|0>in (2)

can be calculated easily using the techniques of reduction to the generalised normal
form. For this purpose all the operators are to be decomposed into two parts one of
which annihildtes in-vacuum |0);, and the other is responsible for the creation of
out-particles from out-vacuum |0)oy, the creating parts being placed to the left of the
annihilating parts. Wick’s theorem remains valid if the generalised pairings of the
operators A and B are defined as follows

AB = AB - NAB, AB = ,,(0|AB|0)inC3 ",

where N is the generalised normal product defined in a conventional way. C,=
out{0]U|0%n = 0u(0|0), is the probability amplitude for the vacuum to remain a
vacuum.

Going back to the definition of the required multi-particle amplitudes (2) we note
that Gndm = bube =0 and dumbn = 0ul0ldmbn|0%C7" = w(mn|0) is the relative pro-
bability amplitude of electron positron pair creation. Then Wick’s theorem obviously
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implies that ou(0ldm, . . . Gmpun - - - bn,|OVin is the sum of the products of the all pos-
sible pairings multiplied by C,. Taking this into account one can obtain

N . -
Ul0)n = C. (N!)“(H w(m,.n,.m))bL bhah . ah 0
} i=1

N{nY{m =

Substituting this expression into (1) and eliminating the operators b, b'(a, a’) by
moving them through f.(f_) to one side we have

N
(foy=P, ¥ (ND'0ud0lay, ... auufe@imy . . - G |00u [T Z ik
N{k}m} i=1

N
<f—> = Pv Z }(N!)-lout«)'bm [ bllf—b:n e b:rIN‘())out IJl Z;,—l.a

N{l}{n

where P, =|C,}? is the probability for the vacuum to remain a vacuum and

Zrw =3 wlmnlow*(knl0);  Zy =T w(mnlow*(m1[0).
Noting that*

exp(WHak exp(- W)= ; amZ i W= 'Z] ai(n Z")a;,

exp(W )b exp(-W)=Y b}Z... W™= %‘, bi(In Z )b,

we obtain finally

<f+> = Nz{;(} (N!)_lout<0|ak1 cee ak~f+P+aLN- . aL |0>out= SP+f+P+,

(f-y= sz (N oulOlby, ... by f-pbly... b} |0eu=sp_fp_,

where
p+=P, exP(Wt) A3)

is the density matrix describing the electrons (positrons) created by the field from the
vacuum. The expression (3) also remains valid for the case of Klein-Gordon scalar
particles created by the external electromagnetic field from the vacuumi. We note
also that the convenient representation of the probability for the vacuum to remain a
vacuum follows from the normalisation condition

1 for scalar particles

P,=det"(1-79Z%), n= . .
-1 for spinor particles.

t The known formula

©

exp(rA)B exp(~tA) = 20%[/\ ...IA,B]..]

n=

has been used.

1 The general expression for the density matrix for scalar particles created by an arbitrary external field can
be found in (Frolov 1977).
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3. Density matrix in uniform electric field, equivalence principle and Hawking effect

Formula (3) allows one to obtain the explicit form of the density matrices in the cases
when the relative probability amplitudes of pair creation are known. For example in
the case of the constant uniform electric field E these amplitudes have been found in
several papers (Nikishov 1969, Naroshny and Nikishov 1970, Bagrov et al 1975,
Gitman et al 1975). Using the amplitudes obtained one can find

Zomk = Smi(eXp 7A + "7)_1, 4)

where the indices m, k represent the momentum p and spin s of spinor particles and
A =&2/|eE|, €. =(m>+p3)"?. Here p. is the component of momentum p perpen-
dicular to the field E. Substituting equation (4) into equation (3) we get the explicit
form of the density matrix. For instance

p+=P, exp(-—z In(exp mA +n)a ;am). (5)

From equation (5) one can calculate the average value of any observable. For
example the average number of electrons created by the uniform electric field does
not depend on statistics and is of the form

Wi =SSP+ P+ = W = SP_blbmp_ =exp(—mA). 6)

(compare with Bagrov ef al 1976). The quantity (6) does not depend on the longi-
tudinal (parallel to E) component of the momentum. This is due to the fact that since
the electric field continues to act on the created particles it becomes equally probable
to find particles with any momenta along the field as the time of action grows.
Therefore expression (6) contains information only about the motion of the created
particles perpendicular to the field. &, could be taken as the natural measure of the
energy of this motion.

Now if one tries to fit the above density matrix to the case of gravitation
interaction and replaces formally the electric field strength by the quantity charac-
terising the gravitational field strength « (surface gravity) and if one uses, the
equivalence principle assuming that the coupling constant of the particle with the
gravitational field is proportional to the energy of the particlet (i.e. replacing e by &)
then one can obtain formally from (6)

wim =exp(—&, m/x). (7

The quantity w, given by (7) could be interpreted as the average number of particles
created by the corresponding gravitational field. It should be noted that equation (7)
coincides with the Boltzmann distribution with the temperature 8'=«/km. If one
takes « to be the intensity of the gravitational field at the horizon of a black hole then

+ The equivalence principle implies that the test particle in the gravitational field moves along a geodesic
line in the four-dimensional space-time. When the gravitational field is static, the equation of motion of this
test particle can be written in the following three-dimensional form (Landau and Lifshitz 1973):

dp/dt = &«

where « = —grad In(geo)'/?

is a three-dimensional strength of a gravitational field and
€ =mec*(1-0%/c*H)?

is a total energy of a test particle.
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6' = (4wGMk)™* differs only by the numerical factor from the effective temperature of
the black hole. The fact that (7) is the Boltzmann distribution both for Bose and
Fermi particles can be explained by taking into account that this distribution describes
only perpendicular momentum which does not determine the state of the particle
completely. In a similar way the thermal density matrix can be formally obtained from
(5) in the limit of high energy (A » 1) if the principle of equivalence is taken into
account.

It should be emphasised that the above consideration can be taken only as an
argument in favour of the possible connection between the equivalence principle and
the thermal nature of the black hole radiation and of course we do not expect it to be
taken as a rigorous proof.
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